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Abstract. Based on the phase-space generating functional of the Green function for a system with a
regular/singular higher-order Lagrangian, the quantum canonical Noether identities (NIs) under a local
and non-local transformation in phase space have been deduced, respectively. For a singular higher-order
Lagrangian, one must use an effective canonical action IP

eff in quantum canonical NIs instead of the classical
IP in classical canonical NIs. The quantum NIs under a local and non-local transformation in configuration
space for a gauge-invariant system with a higher-order Lagrangian have also been derived. The above results
hold true whether or not the Jacobian of the transformation is equal to unity or not. It has been pointed
out that in certain cases the quantum NIs may be converted to conservation laws at the quantum level.
This algorithm to derive the quantum conservation laws is significantly different from the quantum first
Noether theorem. The applications of our formulation to the Yang–Mills fields and non-Abelian Chern–
Simons (CS) theories with higher-order derivatives are given, and the conserved quantities at the quantum
level for local and non-local transformations are found, respectively.

1 Introduction

Local invariance is now a fundamental concept in mod-
ern field theories. Classical Noether identities (NIs) refer
to the invariance of the action under a local transforma-
tion [1]; they play an important role in field theories [2].
Classical NIs and their generalization usually are formu-
lated in terms of Lagrangian variables in configuration
space. Classical NIs in the canonical formalism have been
developed in previous works [3–5]. These canonical NIs
are useful tools for the study of constraints of the system
in Dirac’s sense [3–5]. On application to Yang–Mills the-
ories with higher-order derivatives, classical NIs may be
converted into conservation laws along the trajectory of
the motion [5,6]; in that case for deriving those conser-
vation laws, the effective Lagrangian is obtained by using
the Faddeev–Popov (FP) trick. Thus, this formulation is a
semi-classical theory which is not constructed by making a
thorough investigation in a totally quantum theory. This
problem will be further discussed here at the quantum
level. The quantum first Noether theorem had been estab-
lished in previous works [7–9], and quantum NIs for a local
transformation in first-derivatives theories have also been
formulated [10]. Dynamical systems described in terms of
a higher-order Lagrangian obtained by many authors are
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of much interest in connection with gauge theories, grav-
ity, supersymmetry, string models, and other problems [4,
11]. In Yang–Mills theories and in using conformal symme-
try of the gauge field theories and other problems, some
non-local transformations were introduced [12–14]. Now
the quantum NIs under the local and non-local transfor-
mation for a system with a higher-order Lagrangian will
be further studied.

In the study of the symmetries at the quantum level,
the path integral provides a useful tool. The phase-space
path integrals are more basic than the configuration-space
ones [15]. However, for a gauge-invariant system one can
conveniently use the FP trick to formulate its path-
integral quantization in configuration space. In certain in-
tegrable cases, according to the path-integral quantiza-
tion of the constrained Hamiltonian system (for example,
a gauge-invariant system), one can carry out explicit in-
tegration of the canonical momenta in the phase-space
path integral, which may be converted to the same results
obtained by using the FP trick (for example, Yang–Mills
theories).

This paper is organized as follows. In Sect. 2, based
on the phase-space generating functional of the Green
function for a system with a higher-order Lagrangian, the
quantum canonical NIs under a local and non-local trans-
formation have been deduced. The form of these identities
coincides with the classical ones for the regular higher-
order Lagrangian, but for the singular higher-order La-
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grangian one must use an effective canonical action IP
eff

instead of a canonical action IP as in those quantum NIs.
It is pointed out that these quantum NIs hold true no mat-
ter whether the Jacobian of the transformation is equal to
unity or not. In Sect. 3, for a gauge-invariant system with
a higher-order Lagrangian, based on a configuration-space
generating functional obtained by using the FP trick, the
quantum NIs under the local and non-local transforma-
tion in configuration space have been also derived. The
expressions of these quantum NIs differ from classical ones
in that one must use an effective action instead of the
classical action in the corresponding terms. These con-
figuration-space quantum NIs also hold true whether the
Jacobian of the transformation is equal to unity or not.
In Sect. 4, it is pointed out that, based on the quantum
NIs, in certain cases one can find the quantum conserva-
tion laws of the system with a higher-order Lagrangian.
This algorithm to derive the quantum conservation laws
in quantum theory is significantly different from the quan-
tum first Noether theorem [8,9]. In Sect. 5, we give a pre-
liminary application of the above formulation to Yang–
Mills fields with higher-order derivatives, and a new quan-
tum conserved quantity is obtained. The application to
the non-Abelian Chern–Simons theory with higher-order
derivatives is given in Sect. 6; the quantum conserved BRS
and PBRS quantities and other quantum conserved quan-
tities connected with the non-local transformation are
found. Section 7 is devoted to our conclusions and to a
discussion.

2 Quantum canonical Noether identities
for a non-local transformation

Let us first consider a physical field defined by n field
variables ϕα(x) (α = 1, 2, · · · , n), x = (x0, xi) (x0 = t, i =
1, 2, 3), where the motion of the field is described by a
regular Lagrangian involving higher-order derivatives of
field variables, and the Lagrangian of the system is given
by

L[ϕα
(0), ϕ

α
(1), · · · , ϕα

(N)] =
∫

V

L(ϕα
, , ϕα

,µ, · · · , ϕα
,µ(N))d

3x,

(2.1)
where ϕα

(0) = ϕα, ϕα
(1) = ϕ̇α, · · · , ϕα

,µ = ∂µϕα, ϕα
,µ(m) =

∂µ∂ν · · · ∂ρ︸ ︷︷ ︸
m

ϕα, and V is the space domain of the field.

The flat space-time metric is gµν = (1 − 1 − 1 − 1). Using
the Ostrogradsky transformation [16], one can introduce
generalized canonical momenta:

π(N−1)
α =

δL

δϕα
(N)

, (2.2)

π(s−1)
α =

δL

δϕα
(s)

− π̇(s)
α (s = 1, 2, · · · , N − 1), (2.3)

or

π(s−1)
α =

N−s∑
j=0

(−1)j dj

dtj
δL

δϕα
(j+s)

(s = 1, 2, · · · , N), (2.4)

and using these relations one can go over from the La-
grangian description to the Hamiltonian description. The
generalized canonical Hamiltonian is defined by

Hc[ϕα
(s), π

(s)
α ] =

∫
Hcd3x =

∫
(π(s)

α ϕα
(s+1) − L)d3x

(ϕα
(s) = ϕ̇α

(s)), (2.5)

which may be formed by eliminating only the highest
derivatives ϕα

(N). The summation over the indices α from
1 to n and s from 0 to N − 1 are taken repeatedly.

The phase-space generating functional of the Green
function for a system with a regular higher-order
Lagrangian is given by [17]

Z[J, K] = (2.6)∫
Dϕα

(s)Dπ(s)
α exp

{
i
[
IP +

∫
d4x(Js

αϕα
(s) + Kα

s π(s)
α )

]}
,

where IP is a canonical action,

IP =
∫

d4LP =
∫

d4x(π(s)
α ϕα

(s+1) − Hc). (2.7)

Js
α and Kα

s are exterior sources with respect to ϕα
(s)

and π
(s)
α , respectively.

Let us consider an infinitesimal local and non-local
transformation in extended phase space


xµ′
= xµ + ∆xµ = xµ + Rµ

σεσ(x),
ϕα′

(s)(x
′) = ϕα

(s)(x) + ∆ϕα
(s)(x)

= ϕα
(s)(x) + Sα

sσεσ(x) +
∫

d4yE(x, y)Aα
sσ(y)εσ(y),

π
(s)′
α (x′) = π

(s)
α (x) + ∆π

(s)
α (x)

= π
(s)
α (x) + T s

ασεσ(x) +
∫

d4yF (x, y)Bs
ασ(y)εσ(y),

(2.8)
where E(x, y) and F (x, y) are some functions; Rµ

σ, Sα
sσ,

T s
ασ, Aα

sσ and Bs
ασ are linear differential operators. We

have

Rµ
σ = rµν(k)

σ ∂ν(k), Sα
sσ = sαν(l)

sσ ∂ν(l),

T s
ασ = tsν(m)

ασ ∂ν(m), Aα
sσ = aαν(n)

sσ ∂ν(n),

Bs
ασ = bsν(p)

ασ ∂ν(p), rµν(k)
σ = r

k︷ ︸︸ ︷
µν · · ·λ
σ ,

∂ν(k) =

k︷ ︸︸ ︷
∂ν · · · ∂λ, etc., (2.9)

where r
µν(k)
σ , s

αν(l)
sσ , t

sν(m)
ασ , b

sν(p)
ασ , are some functions of x,

ϕα
(s) and π

(s)
α (for example, Rµ

σ = rµν···λ
σ ∂ν · · · ∂λ, etc.)

and εα(x) (α = 1, 2, · · · , r) are arbitrary infinitesimal in-
dependent functions; their values and derivatives up to
required order vanish on the boundary of the space-time
domain. The Jacobian of the transformation of the canon-
ical variables in (2.8) is denoted by J̄ [ϕα

(s), π
(s)
α , ε] = 1 +

J1[ϕα
(s), π

(s)
α , ε], where J1 is also an infinitesimal quantity.
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It is supposed that the variation of the canonical action
under the transformation (2.8) is given by

∆IP =
∫

d4xUσεσ(x), (2.10)

where Uσ are linear differential operators, Uσ = µ
γ(q)
σ ∂γ(q),

µ
γ(q)
σ are some functions of x, ϕα

(s) and π
(s)
α . Under the

transformation (2.8), from the expression (2.6) of the
phase-space generating functional and (2.10), one gets [9]∫

Dϕα
(s)Dπ(s)

α

(
1 + J1 + i∆IP

+i
∫

d4x
{

Js
αδϕα

(s) + Kα
s δπ(s)

α

+∂µ[(Js
αϕα

(s) + Kα
s π(s)

α )∆xµ]
})

× exp
{

i
∫

d4x(LP + Js
αϕα

(s) + Kα
s π(s)

α )
}

=
∫

Dϕα
(s)Dπ(s)

α

(
1 + J1

+i
∫

d4x
{

Uσεσ(x) + Js
αδϕα

(s) + Kα
s δπ(s)

α

+∂µ[(Js
αϕα

(s) + Kα
s π(s)

α )∆xµ]
})

× exp
{

i
∫

d4x(LP + Js
αϕα

(s) + Kα
s π(s)

α )
}

, (2.11)

where

∆IP =
∫

d4x

{
δIP

δϕα
(s)

δϕα
(s) +

δIP

δπ
(s)
α

δπ(s)
α (2.12)

+ D(π(s)
α δϕα

(s)) + ∂µ

[(
π(s)

α ϕα
(s+1) − Hc

)
∆xµ

]}
,

δIP

δϕα
(s)

= −π̇(s)
α − δHc

δϕα
(s)

,
δIP

δπ
(s)
α

= ϕ̇α
(s) − δHc

δπ
(s)
α

, (2.13)

δϕα
(s) = ∆ϕα

(s) − ϕα
(s),µ∆xµ,

δπ(s)
α = ∆π(s)

α − π(s)
α,µ∆xµ; (2.14)

D = d/dt and Hc is the generalized canonical Hamilto-
nian (2.5), and Hc is the generalized canonical Hamiltoni
density. According to the boundary conditions of the func-
tions εσ(x), from (2.11) and (2.12), we have∫

Dϕα
(s)Dπ(s)

α

{
δIP

δϕα
(s)

δϕα
(s) +

δIP

δπ
(s)
α

δπ(s)
α

+ D
(
π(s)

α δϕα
(s)

)
− Uσεσ(x)

}

× exp
{

i
∫

d4x(LP + Js
αϕα

(s) + Kα
s π(s)

α )
}

= 0. (2.15)

Substituting (2.8) and (2.14) into (2.15), and integrat-
ing by parts the corresponding terms in (2.15), then func-
tionally differentiating the obtained results with respect to
εσ(x), and using the boundary conditions of the functions
εσ(x), one gets

∫
Dϕα

(s)Dπ(s)
α

{
S̃α

sσ(x)
δIP

δϕα
(s)(x)

+ T̃ s
ασ(x)

δIP

δπ
(s)
α (x)

− R̃µ
σ(x)

[
ϕα

(s),µ
δIP

δϕα
(s)(x)

+ π(s)
α,µ

δIP

δπ
(s)
α (x)

]

+
∫

d4y

[
Ãα

sσ(y)(E(y, x)
δIP

δϕα
(s)(x)

+ D(π(s)
α (x)E(y, x))

+ B̃s
ασ(y)

(
F (y, x)

δIP

δπ
(s)
α (y)

)]
− Ũσ(1)

}

× exp
{

i
∫

d4x(LP + Js
αϕα

(s) + Kα
s π(s)

α )
}

= 0, (2.16)

where S̃α
sσ, T̃ s

ασ, R̃µ
σ, Ãα

sσ, B̃s
ασ and Ũσ are adjoint opera-

tors with respect to Sα
sσ, T s

ασ, Rµ
σ, Aα

sσ, Bs
ασ and Uσ, re-

spectively [18]; for example,∫
fRµ

σgd4x =
∫

gR̃µ
σfd4x + [·]B,

where [·]B stands for boundary terms.
Functionally differentiating (2.16) with respect to

J0
α(x) a total of n times, one obtains

∫
Dϕα

(s)Dπ(s)
α

{
S̃α

sσ(x)
δIP

δϕα
(s)(x)

+ T̃ s
ασ(x)

δIP

δπ
(s)
α (x)

− R̃µ
σ(x)

[
ϕα

(s),µ
δIP

δϕα
(s)

(x) + π(s)
α,µ

δIP

δπ
(s)
α (x)

]

+
∫

d4y

[
Ãα

sσ(y)(E(y, x)
δIP

δϕα
(s)(y)

+D(π(s)
α (y)E(y, x))

+ B̃s
ασ(y)

(
F (y, x)

δIP

δπ
(s)
α (y)

)]
− Ũσ(1)

}
× ϕα(x1)ϕα(x2) · · ·ϕα(xn)

× exp
{

i
∫

d4x(LP + Js
αϕα

(s) + Kα
s π(s)

α )
}

= 0. (2.17)

Let Js
α = Kα

s = 0 in (2.17); then one gets

〈0|T ∗
{

S̃α
sσ(x)

δIP

δϕα
(s)

+ T̃ s
ασ(x)

δIP

δπ
(s)
α

− R̃µ
σ(x)

[
ϕα

(s),µ
δIp

δϕα
(s)

+ π(s)
α,µ

δIP

δπ
(s)
α

]

+
∫

d4y

[
Ãα

sσ(y)(E(y, x) · δIP

δϕα
(s)
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+D
(
π(s)

α (y)E(y, x)
)

+ B̃s
ασ(y)

(
F (y, x)

δIP

δπ
(s)
α

)]
− Ũσ(1)

}
× ϕα(x1)ϕα(x2) · · ·ϕα(xn)|0〉 = 0, (2.18)

where the symbol T ∗ stands for the covariantized T -prod-
uct [19] in which derivatives of operators inside a T -prod-
uct are defined in terms of the formula

〈0|T ∗[∂µϕ(x)∂νϕ(y) · · · ]|0〉
=

∂

∂xµ

∂

∂xν
〈0|T [ϕ(x)ϕ(y) · · · ]|0〉,

and |0〉 is the vacuum state of the fields. Fixing t and
letting

t1, t2, · · · , tm −→ +∞, tm+1, tm+2, · · · , tn −→ −∞,

noting that ϕα(
x,−∞)|〉 = |in〉, 〈0|ϕα(
x,∞) = 〈out| and
using the reduction formula [19], one can write the expres-
sions (2.18) as

〈out, m|
{

S̃α
sσ(x)

δIP

δϕα
(s)

+ T̃ s
ασ

δIP

δπ
(s)
α

− R̃µ
σ(x)

[
ϕα

(s),µ
δIp

δϕα
(s)

+ π(s)
α,µ

δIP

δπ
(s)
α

]

+
∫

d4y

[
Ãα

sσ(y)(E(y, x)
δIP

δϕα
(s)

+ D
(
π(s)

α (y)E(y, x)
)

+ B̃s
ασ(y)

(
F (y, x)

δIP

δπ
(s)
α

)]
− Ũσ(1)

}
×|n − m, in〉 = 0. (2.19)

Since m and n are arbitrary, one obtains

S̃α
sσ(x)

δIP

δϕα
(s)

+ T̃ s
ασ

δIP

δπ
(s)
α

− R̃µ
σ(x)

[
ϕα

(s),µ
δIP

δϕα
(s)

+ π(s)
α,µ

δIP

δπ
(s)
α

]

+
∫

d4y

[
Ãα

sσ(y)

(
E(y, x)

δIP

δϕα
(s)

+ D(π(s)
α (y)E(y, x))

)
+ B̃s

ασ(y)
(

F (y, x)
δIP

δπ
(s)
α

)]
− Ũσ(1)

}
= 0. (2.20)

These expressions, (2.20), are called quantum canoni-
cal NIs under the local and non-local transformation (2.8)
for a system with a regular higher-order Lagrangian. For
the case the transformation (2.8) is only a local one (E =
F = 0), the expressions (2.20) can be written as

S̃α
sσ(x)

δIP

δϕα
(s)

+ T̃ s
ασ

δIP

δπ
(s)
α

(2.21)

− R̃µ
σ(x)

[
ϕα

(s),µ
δIP

δϕα
(s)

+ π(s)
α,µ

δIP

δπ
(s)
α

]
− Ũσ(1) = 0.

These expressions coincide with the classical canonical
NIs [4] whether the Jacobian of the transformation (2.8)
is equal to unity or not.

Let us now consider a system with a singular higher-
order Lagrangian L(ϕα, ϕα

.u, · · · , ϕα
.u(N)), whose general-

ized Hessian matrix (Hαβ) is degenerate:

det|Hαβ | = det

∣∣∣∣∣ ∂2L
∂ϕα

(N)∂ϕβ
(N)

∣∣∣∣∣ = 0; (2.22)

hence one cannot solve all ϕα
(N) from (2.2). Then there are

some constraints among the canonical variable in phase
space [9,20]:

Φ0
a(ϕα

(s), π
(s)
α ) ≈ 0 (a = 1, 2, · · · , n − R), (2.23)

where the sign ≈ represents a weak equality, and the
rank of the generalized Hessian matrix is assumed to be
R. Equations (2.23) are called primary constraints. From
the stationarity of the constraint, one can define succes-
sively the secondary constraints from the primary ones.
This process of consistency requirements will terminate
at some stage when new constraints no longer appear.
All the constraints are classified into two classes. The
constraints in the first class are those whose generalized
Poisson brackets with any of the constraints are equal to
zero or equal to a linear combination of the constraints;
if this is not the case, the constraints are called second
class. Let Λk(ϕα

(s), π
(s)
α ) ≈ 0 (k = 1, 2, · · · , K1) be first-

class constraints, and θi(ϕα
(s)π

(s)
α ) ≈ 0 (i = 1, 2, · · · , I1)

second-class constraints. The path-integral quantization
in phase space for this system can be formulated by us-
ing the Batalin–Fradkin–Vilkovisky (BFV) scheme [21] or
the Faddeev–Senjanovic (FS) scheme [22], but the latter
is more convenient. This is according to the FS path-
integral quantization scheme [22], and the gauge condi-
tions connected with the first-class constraints are denoted
by Ωk(ϕα

(s), π
(s)
α ) ≈ 0. The phase-space generating func-

tional of the Green function for this system with a singular
higher-order Lagrangian can be written as [9,23]

Z[J, K]

=
∫

Dϕα
(s)Dπ(s)

α

∏
i,k,l

δ(θi)δ(Λk)δ(Ωl)

× det|{Λk, Ωl}| · [det|{θi, θj}|]1/2

× exp
{

i
∫

d4x(LP + Js
αϕα

(s) + Kα
s π(s)

α )
}

, (2.24)

where the symbol {·, ·} represents the generalized Poisson
bracket. Using the δ-function and the integral properties of
the Grassmann variables Ca(x) and C̄b(x), one can write
(2.24) as [9]

Z[J, K, η, j̄, k̄, j, k]
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=
∫

Dϕα
(s)Dπ(s)

α DλmDCaDπ̄aDC̄aDπa

× exp
{

i
∫

d4x
(
LP

eff + Js
αϕα

(s) + Kα
s π(s)

α + ηmλm

+j̄aCa + k̄aπa + C̄aja + π̄aka

)}
, (2.25)

where

LP
eff = LP + Lm + Lgh, (2.26)

Lm = λkΛk + λlΩl + λiθi, (2.27)

Lgh =
∫

d4x

[
C̄k(x){Λk(x), Ωl(y)}Cl(y)

+
1
2
C̄i(x){θi(x), θj(y)}θj(y)

]
, (2.28)

and λm = (λk, λl, λi); π̄a(x) and πb(x) are canonical mo-
menta conjugate to Ca(x) and C̄b(x), respectively. ηm, j̄a,
k̄a, ja and ka are exterior sources with respect to λm, Ca,
πa, C̄a and π̄a, respectively. For the sake of simplicity, let
us denote ϕα

(s) = (ϕα
(s), λm, Ca, C̄a), π(s)

α = (π(s)
α , π̄a, πa),

Js = (Js
α, ηm, ja, j̄a) and Kα

s = (Kα
s , ka, k̄a); thus the ex-

pression (2.25) can be written as

Z[J, K] =
∫

Dϕα
(s)Dπ(s)

α (2.29)

× exp
{

i
∫

d4x(LP
eff + Js

αϕα
(s) + Kα

s π(s)
α )

}
.

For a system with a singular higher-order Lagrangian,
one can proceed in the same way as for a system with a
regular higher-order Lagrangian to derive the quantum
canonical NIs under a local and non-local transforma-
tion in extended phase space. The results of the quantum
canonical NIs for a singular higher-order Lagrangian differ
from the classical ones [4] in that one must use an effective
canonical action IP

eff instead of IP in the corresponding ex-
pressions.

Thus, we obtain the identity relations (2.20) and (2.21)
between the functional derivatives and their derivatives at
the quantum level, and this leads to a reduction in the
number of independent functional derivatives δIP

eff
δϕα

(s)
and

δIP
eff

δπ
(s)
α

.

3 Gauge-invariant system

For a system with a gauge-invariant Lagrangian L involv-
ing higher-order derivatives of the field variables, the effec-
tive Lagrangian Leff in configuration space can be found
by using the FP trick through a transformation of the path
(functional) integral [17]: LP

eff = L + Lf + Lgh, where Lf

is determined by the gauge conditions and Lgh is a ghost
term. The configuration-space generating functional of the
Green function for this system can be written as [9]

Z[J ] =
∫

Dϕ exp
{

i
∫

d4x(Leff + Jϕ)
}

, (3.1)

where ϕ represents all field variables, and J is an exterior
source with respect to ϕ.

Let us now consider an infinitesimal local and non-local
transformation in the configuration space:


xµ′
= xµ + ∆xµ = xµ + Rµ

σεσ(x),
ϕ′(x′) = ϕ(x) + ∆ϕ(x)

= ϕ(x) + Sσεσ(x) +
∫

d4yE(x, y)Nσ(y)εσ(y),
(3.2)

where Rµ
σ, Sσ and Nσ are linear differential operators, and

εσ(x) (σ = 1, 2, · · · , r) are arbitrary infinitesimal indepen-
dent functions; the values and their derivatives up to re-
quired order on the boundary of the space-time domain
vanish. It is supposed that the variation of the effective
action under the transformation (3.2) is given by

∆Ieff = ∆

∫
d4xLeff =

∫
d4xVσεσ(x), (3.3)

where Vσ are some linear differential operators. The Ja-
cobian of the transformation (3.2) of the field variables is
denoted by J̄c = 1 + Jc

1 [ϕ, ε]. Under the transformation
(3.2), the configuration-space generating functional (3.1)
becomes

Z[J ] =
∫

Dϕ

{
1 + Jc

1 + i∆Ieff

+i
∫

d4x[Jδϕ + ∂µ(Jϕ∆xµ)]

}

× exp
{

i
∫

d4x(Leff + Jϕ)
}

, (3.4)

where [9]

∆Ieff (3.5)

=
∫

d4x


δIeff

δϕ

[
(Sσ − ϕ,µRµ

σ)εσ(x)

+
∫

d4yE(x, y)Nσ(y)εσ(y)
]

+ ∂µ (jµ
σεσ(x))

+ ∂µ


N−1∑

m=0

µν(m)∏
eff

∂ν(m)

∫
d4yE(x, y)Nσ(y)εσ(y)




 ,

δIeff/δϕ = (−1)m∂µ(m)Lµ(m)
eff , (3.6)

Lµ(m)
eff =

1
m!

∑
all permutations of indices

µ(m)

∂Leff

∂ϕ,µ(m)
, (3.7)

jµ
σ = LeffRµ

σ +
N−1∑
m=0

µν(m)∏
eff

∂ν(m)(Sσ − ϕ,µRµ
σ), (3.8)

µν(m)∏
eff

=
N−(m+1)∑

l=0

(−1)l∂λ(l)Lµν(m)λ(l)
eff . (3.9)



268 Z.-P. Li, Z.-W. Long: Quantum Noether identities for non-local transformations in higher-order derivatives theories

According to the boundary conditions of the εσ(x)
from (3.2)–(3.9), one gets

∫
Dϕ

∫
d4x


δIeff

δϕ

[
(Sσ − ϕ,µRµ

σ)εσ(x)

+
∫

d4yE(x, y)Nσ(y)εσ(y)
]

− Vσεσ(x)

+ ∂µ


N−1∑

m=0

µν(m)∏
eff

∂ν(m)

∫
d4yE(x, y)Nσ(y)εσ(y)






× exp
{

i
∫

d4x(Leff + Jϕ)
}

= 0. (3.10)

Integrating by parts of the terms connected with the
differential operators Sσ, Rµ

σ, Nσ and Vσ in the expression
(3.10), and appealing to the arbitrariness of the εσ(x), one
can force the boundary terms to vanish; after this one can
functionally differentiate the results with respect to εσ(x).
Then one obtains∫

Dϕ

∫
d4x


S̃σ(x)

δIeff

δϕ
− R̃µ

σ

(
ϕ,µ(x)

δIeff

δϕ

)

+
∫

d4yÑσ(y)


E(x, y)

δIeff

δϕ

+ ∂µ


N−1∑

m=0

µν(m)∏
eff

∂ν(m)E(x, y)




− Ṽσ(1)




× exp
{

i
∫

d4x(Leff + Jϕ)
}

= 0, (3.11)

where S̃σ, R̃µ
σ, Ñσ and Ṽσ are adjoint operators with re-

spect to Sσ, Rµ
σ, Nσ and Vσ, respectively [18]. Function-

ally differentiating (3.11) with respect to J(x) n times,
and letting J = 0; fixing t and letting t1, t2, · · · , tm −→
−∞, tm+1, tm+2, · · · , tn −→ ∞, one can proceed in the
same way as discussed in Sect. 2, to obtain

S̃σ(x)
δIeff

δϕ
− R̃µ

σ

(
ϕ,µ(x)

δIeff

δϕ

)

+
∫

d4yÑσ(y)


E(x, y)

δIeff

δϕ
(3.12)

+ ∂µ


N−1∑

m=0

µν(m)∏
eff

∂ν(m)E(x, y)




− Ṽσ(1) = 0.

These expressions are called quantum NIs under a local
and non-local transformation in configuration space for a
gauge-invariant system with a higher-order Lagrangian.
For the case the transformation (3.2) is only a local one
(E = 0 in (3.2)), from (3.12), one has

S̃σ(x)
δIeff

δϕ
− R̃µ

σ

(
ϕ,µ(x)

δIeff

δϕ

)
− Ṽσ(1) = 0. (3.13)

These quantum NIs also hold true whether the Jaco-
bian of the transformation is equal to unity or not. The
identities (3.12) and (3.13) differ from the classical one in
that the action in quantum NIs is an effective action Ieff
but not a classical action I.

4 Quantum conservation laws

Based on the quantum NIs, for certain cases one can ob-
tain quantum strong conservation laws for a system with
higher-order Lagrangian; this result holds true whether
the equations of motion at the quantum level are satisfied
or not. Using the quantum equations of motion, one can
get quantum (weak) conservation laws.

For the sake of simplicity, we consider a local transfor-
mation in (2.8) with ∆xu = 0, and{

Sα
sσ = aα

sσ + aαµ
sσ ∂µ + aαµν

sσ ∂µ∂ν ,

T s
ασ = bs

ασ + bsµ
ασ∂µ + bsµν

ασ ∂µ∂ν ,
(4.1)

where aα
sσ, aαµ

sσ , aαµν
sσ , bs

ασ, bsµ
ασ and bsµν

ασ are some smoothed
functions of x, ϕα

(s) and π
(s)
α . Under the transformation

(2.8) with (4.1), it is supposed that the change of the
effective canonical Lagrangian LP

eff is given by

δLP
eff = Uσεσ(x) = (uσ + uµ

σ∂µ + uµν
σ ∂µ∂ν)εσ(x), (4.2)

where uσ, uµ
σ, uµν

σ are some smoothed functions of x, ϕα
(s)

and π
(s)
α . The quantum canonical NIs (2.21) in this case

become

aα
sσ

δIP
eff

δϕα
(s)

− ∂µ

(
aαµ

sσ

δIP
eff

δϕα
(s)

)
+ ∂µ∂ν

(
aαµν

sσ

δIP
eff

δϕα
(s)

)

+ bs
ασ

δIP
eff

δπ
(s)
α

− ∂µ

(
bsµ
ασ

δIP
eff

δπ
(s)
α

)
+ ∂µ∂ν

(
bsµν
ασ

δIP
eff

δπ
(s)
α

)
= uσ − ∂µuµ

σ + ∂µ∂νuµν
σ . (4.3)

Under the transformation (2.8) with (4.1), from the
variation of the effective canonical action, one has the ba-
sic identity

δIP
eff

δϕα
(s)

(aα
sσ + aαµ

sσ ∂µ + aαµν
sσ ∂µ∂ν)εσ(x)

+
δIP

eff

δπ
(s)
α

(bs
ασ + bsµ

ασ∂µ + bsµν
ασ ∂µ∂ν)εσ(x)

+ D[π(s)
α Sα

sσεσ(x)]
= (uσ + uµ

σ∂µ + uµν
σ ∂µ∂ν)εσ(x). (4.4)

Multiplying the identities (4.3) by the εσ(x) and sum-
ming the index σ from 1 to r, and subtracting the obtained
result from the basic identity (4.4), if the index µ, ν of the
coefficients aαµν

sσ , bsµν
ασ are symmetrical, one obtains

∂µ

{[
aαµ

sσ

δIP
eff

δϕα
(s)

+ bsµ
ασ

δIP
eff

δπ
(s)
α

+ ∂ν

(
aαµν

sσ

δIP
eff

δϕα
(s)

)
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−
(

aαµν
sσ

δIP
eff

δϕα
(s)

)
∂ν + ∂ν

(
bsµν
ασ

δIP
eff

δπ
(s)
α

)

−
(

bsµν
ασ

δIP
eff

δπ
(s)
α

)
∂ν − uµ

σ + ∂νuµν
σ − uµν

σ ∂ν + D(π(s)
α Sα

sσ)
]

× εσ(x)} = 0. (4.5)

Taking the integral of the identity (4.5) on a t = const
space-like hypersurface, one gets the strong conservation
laws at the quantum level

Q =
∫

d3xjσεσ(x) = const (σ = 1, 2, · · · , r), (4.6a)

where

jσ = aα0
sσ

δIP
eff

δϕα
(s)

+ bs0
ασ

δIP
eff

δπ
(s)
α

+ ∂ν

(
aα0ν

sσ

δIP
eff

δϕα
(s)

)

−
(

aα0ν
sσ

δIp
eff

δϕα
(s)

)
∂ν + ∂ν

(
bs0ν
ασ

δIP
eff

δπ
(s)
α

)

−
(

bs0ν
ασ

δIP
eff

δπ
(s)
α

)
∂ν − u0

σ + ∂νu0ν
σ − u0ν

σ ∂ν + π(s)
α Sα

sσ

(σ = 1, 2, · · · , r). (4.6b)

We assume that the transformation group has a sub-
group and εσ(x) = ερ

0ξ
σ
ρ (x), where ερ

0 (ρ = 1, 2, · · · , r)
are numerical parameters of the Lie group, and ξσ

ρ (x) are
some functions. For example, the BRS transformation in
Yang–Mills theories with a higher-order Lagrangian be-
longs to this category. Under this circumstance, the quan-
tum strong conservation laws (4.6a) become

Qρ =
∫

d3xjσξσ
ρ = const (ρ = 1, 2, · · · , r). (4.7)

The quantum canonical equations of motion are not
used when one deduces the expressions (4.7); hence the
quantum strong conservation laws (4.7) hold true whether
or not ϕα

(s) and π
(s)
α are solutions of the quantum canoni-

cal equations of this generalized constrained Hamiltonian
system. Using the quantum canonical equations of motion,
one has [9] δIP

eff/δϕα
(s) = 0 and δIP

eff/δπ
(s)
α = 0, and from

the expressions (4.7), one can obtain the quantum (weak)
conservation laws:

Qw
ρ =

∫
d3x(π(s)

α Sα
sσ − u0

σ + ∂νu0ν
σ − u0ν

σ ∂ν)ξσ
ρ = const

(ρ = 1, 2, · · · , r). (4.8)

Thus, if the effective canonical action is invariant un-
der the just-mentioned transformation, then these quan-
tum conservation laws coincide with the results derived
by using the quantum canonical first Noether theorem for
the global symmetry transformation in phase space [9].
We have

Qw
ρ =

∫
d3xπ(s)

α Sα
sσξσ

ρ (ρ = 1, 2, · · · , r). (4.9)

We have shown that in certain cases the quantum
canonical NIs may be converted into quantum (weak) con-
servation laws even if the effective canonical action is not
invariant under the specific transformation. This algo-
rithm deriving quantum conservation laws differs from the
canonical first Noether theorem at the quantum level [9].

For a system with a gauge-invariant higher-order La-
grangian, based on the quantum NIs (3.12) or (3.13) in
configuration space, one can proceed in the same way as
before to deduce the quantum conservation laws. Let us
consider a local transformation in (3.2) with ∆xµ = 0 and
E = 0 and Vσ = vσ +vµ

σ∂u +vµν
σ ∂µ∂ν in (3.3); from (3.13)

one can obtain the quantum conservation laws

∂µ




N−1∑

m=0

µν(m)∏
eff

∂ν(m)Sσ + aµ
σ

δIeff

δϕ
+ ∂ν

(
aµν

σ

δIeff

δϕ

)

−
(

aµν
σ

δIeff

δϕ

)
∂ν − vµ

σ + ∂νvµν
σ − vµν

σ ∂ν

]
εσ(x)

}
= 0.

(4.10)

This holds if εσ(x) = ερ
0ξ

σ
ρ , where the ερ

0 are parameters.
Using the quantum equations of motion [9], δIeff/δϕ = 0,
from (4.10) one can obtain the quantum (weak) conserva-
tion laws in configuration space.

5 Yang–Mills fields
with higher-order derivatives

The Lagrangian of Yang–Mills fields with a higher-order
Lagrangian is given by [17]

L = − 1
4κ2 Da

bµF b
νλDaµ

c F cλν , (5.1)

F a
µν = ∂µAa

ν − ∂νAa
µ + fa

bcA
b
µAc

ν , (5.2)

Da
bµ = δa

b ∂µ + fa
cbA

c
µ, (5.3)

the phase-space generating functional of the Green func-
tions for this system can be written as [9]

Z[J, ξ, ξ̄, η]

=
∫

DAa
µDAa

(1)µDπµ
aDπ(1)µ

a DCaDC̄aDλm (5.4)

× exp
{

i
∫

d4x(LP
eff + Jµ

a Aa
µ + C̄aξa + ξ̄aCa + ηmλm)

}
,

where

LP
eff = LP + Lf + Lm + Lgh, (5.5)

LP = πµ
a Ȧa

µ + π(1)µ
a Ȧ(1)µ − Hc, (5.6)

Lf = − 1
2α2

(∂µAα
µ)2, (5.7)

Lm = λa
1Φ(1)

a1
+ λa

2Φ(2)
a2

− 1
2α1

(ΦG
a1

)2, (5.8)

Lgh = −∂µC̄aDa
bµCb, (5.9)
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and Hc is the canonical Hamiltonian density for the La-
grangian (5.1), πµ

a and πµ
(1)a are the canonical momenta

conjugate to Aa
µ and Aa

(1)µ = Ȧa
µ, respectively, and {Φ}

and {ΦG} are constraints and gauge conditions, respec-
tively [17]; the {λ} are multiplier fields, and finally Ca

and C̄a are ghost fields. In the expression (5.4) we have
introduced exterior sources only for the fields.

It is easy to check that LP and Lgh are invariant under
the following transformation [9]:

Aa′
µ (x) = Aa

µ(x) + Da
σµεσ(x), (5.10a)

Aa′
(1)µ(x) = Aa

(1)µ(x) + ∂0D
a
σµεσ(x), (5.10b)

πµ′
a (x) = πµ

a (x) + fa
σcπ

µ
c (x)εσ(x)

+fa
σcπ

(1)µ
c (x)ε̇σ(x), (5.10c)

π(1)µ′
a (x) = π(1)µ

a (x) + fa
σcπ

(1)µ
c (x)εσ(x), (5.10d)

Ca′
(x) = Ca(x) + i(Tσ)a

bCb(x)εσ(x), (5.10e)

C̄a′
(x) = C̄a(x) − iC̄b(x)(Tσ)a

bεσ(x) (5.10f)

+ i
∫

d4y∆0(x, y)∂µ[C̄b(x)(Tσ)a
b∂µεσ(x)],

where Tσ are the representation matrices of the generators
of the gauge group, and fa

bc are the structure constants of
the gauge group. Let us put εσ(x) = ε0C

σ(x), where ε0
is a numerical parameter; then the transformation (5.10)
will be converted into a global one. As is well known, the
variations of first-class constraints under the gauge trans-
formation (5.10a)–(5.10d) are within the constraint hy-
persurface [24]; thus δLm ≈ 0 and δLf ≈ 0 under the
transformation (5.10). Therefore, one has δIP

eff ≈ 0 under
the transformation (5.10). Using the quantum canonical
equations of the system, from (4.9) one obtains the quan-
tum conserved quantity

Q =
∫

d4x

{
πµ

aDa
σµCσ + π(1)µ

a ∂0(Da
σµCσ)

+ iπa(Tσ)a
bCbCσ − iπ̄a

[
C̄b(Tσ)a

bCσ (5.11)

−
∫

d4y∆0(x, y)∂µ(C̄b(x)(Tσ)a
b∂µC̄σ(x))

]}
,

where πµ
a , π

(1)µ
a , πa and π̄a are canonical momenta conju-

gate to the fields Aa
µ, Ȧa

µ, Ca and C̄a, respectively, and

π0
a =

1
κ2 Db

ajD
c
b0F

j0
c , (5.12)

πj
a =

1
κ2 (Dbj

a De
bjF

0i
e + Da

bjD
e
b0F

ij
e ) − Db

a0π
(1)i
b + F 0i

a ,

(5.13)

π(1)0
a = 0, (5.14)

π(1)i
a =

1
κ2 Da

bjF
ij
b , (5.15)

πa = − ˙̄Ca, (5.16)

π̄a = Da
b0C

b. (5.17)

This quantum conserved quantity (5.11) can also be
derived by using the quantum canonical first Noether the-
orem for the global transformation [8,9]. Here we provide
another algorithm to derive these quantum conservation
laws.

6 Non-Abelian Chern–Simons theory
with higher-order derivatives

Numerous recent work on (2 + 1)-dimensional gauge the-
ories with CS terms in the Lagrangian has revealed the
occurrence of fractional spin and statistics [25]. These the-
ories are frequently used in condensed matter studies, such
as the quantum Hall effect and high-Tc superconductivity.
Now we give some preliminary application of quantum NIs
to non-Abelian CS theory with higher-order derivatives.

Let us consider the CS gauge fields Aa
µ coupled to the

scalar field ϕ whose higher-order Lagrangian is given by
[9]

L = − c2

4π
DρF

a
µνDρF aµν − 1

4
F a

µνF aµν

+
κ

4π
εµνρ

(
∂µAa

νAa
ρ +

1
3
fa

bcA
a
µAb

νAc
ρ

)
+ (Dµϕ)+(Dµϕ), (6.1)

where

Dµϕα = ∂µϕα + Aγ
µT γ

αβϕβ , (6.2)

F a
µν = ∂µAa

ν − ∂νAa
µ + fa

bcA
b
µAc

ν , (6.3)

and the T γ are the generators of the gauge group; the
fa

bc are the structure constants of the gauge group. The
gauge invariance of the non-Abelian CS term requires the
quantization of the dimensionless constant k, k = n

4π (n ∈
Z) [26].

The phase-space generating functional of the Green
function for this system can be written as [9]

Z[J ]

=
∫

DAa
µDP aµDBa

µDQaµDϕDπ+Dϕ+DπDλDC̄DC

× exp

{
i
∫

d3x(LP
eff + Jµ

1aAa
µ + Jµ

2aBa
µ + J+

1 ϕ + ϕ+J1

+J̄3aCa + C̄aJ3a)

}
, (6.4)

where P aµ, Qaµ, π+ and π are the canonical momenta con-
jugate to Aa

µ, Ba
µ = Ȧa

µ, ϕ and ϕ+, respectively, the {λ} are
the multiplier fields, C̄a and Ca are ghost fields, and

LP
eff = LP + Lg + Lm + Lgh, (6.5)

LP = Ba
µP aµ + Ḃa

µQaµ + ϕ̇+π + π+ϕ̇ − Hc, (6.6)
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Lg = − 1
2α2

(∂µAa
µ)2,

Lm = λa
0Λ(0)a + λ

(1)a
1 Λ(1)a + λa

2Λ(2)a

− 1
2α0

(Ωa
0 )2 − 1

2α1
(Ωa

1 )2, (6.7)

Lgh = −∂µC̄aDa
bµCb,

and Hc is a generalized canonical Hamiltonian density;
Λ(i)a ≈ 0 (i = 0, 1, 2) are first-class constraints in phase
space, while Ωa

i ≈ 0 are gauge conditions [9].
Let us consider the BRS (Becchi–Rouet–Stora) trans-

formation

δAa
µ = −τDa

bµCb, δBa
µ = −τ∂0(Da

bµCb), (6.8a)

δϕ = −iτT aCaϕ, δϕ+ = iτϕ+T aCa, (6.8b)

δCa =
1
2
fa

bcC
bCc, δC̄a =

1
α2

∂µAa
µ, (6.8c)

where τ is a Grassmann parameter, and the corresponding
transformation of the canonical momenta is also taken into
account. Under the BRS transformation the action con-
nected with the sum of the terms LP,Lg and Lgh is invari-
ant at the quantum level. The variations of the first-class
constraints under the transformation (6.8a) are within the
constraint hypersurface; thus δLm ≈ 0 under the transfor-
mation (6.8), and hence we have δIP

eff ≈ 0 under the trans-
formation (6.8). From (4.9) one gets the conserved BRS
quantity on the constraint hypersurface at the quantum
level

QB =
∫

d2x(Pµ
a δAa

µ + Qµ
aδBa

µ + π+δϕ + δϕ+π

+R̄aδCa + δC̄aRa), (6.9)

where R̄a and Ra are canonical momenta conjugate to Ca

and C̄a, respectively. This result can also be derived by
using the quantum canonical first Noether theorem [9].

If we only consider the transformation of Aa
µ, ϕ and ϕ+

in the BRS transformation, fixing the ghost fields,

δAa
µ = −τDa

bµCb, δBa
µ = −τ∂0(Da

bµCb),

δϕ = −iτT aCaϕ, δϕ+ = iτϕ+T aCa,

δCa = δC̄a = 0. (6.10)

Under the transformation (6.10), the change of LP
eff in

the theory is given by

δLP
eff = Uaεa(x) = Waεa(x) + fa

bc∂
µC̄aCb∂µεc(x), (6.11)

within the constraint hypersurface, where εa(x)=τCa(x),
and the Wa do not contain the derivatives of the εa(x),
from (4.8) one obtains the quantum conserved PBRS (P
stands for “partial”) quantity

Q =
∫

d2x
(
Pµ

a δAa
µ + Qµ

aδBa
µ + π+δϕ + δϕ+π

−fa
bc

˙̄CaCbCc
)
. (6.12)

This quantum conserved quantity Q differs from QB
in (6.9).

The above quantum conserved quantities QB and Q
can also be deduced by using the configuration-space gen-
erating functional as discussed in Sect. 4. Based on the
classical Noether identities, the conserved PBRS charge
has been discussed in semi-classical theories [5,6]. The
above results are valid at the quantum level.

As is well known, the BRS charge annihilates the vac-
uum state; this conserved PBRS charge may also impose
some supplementary condition on the physical state as
well as the BRS charge and the ghost charge. The study
along this line is in progress.

The effective Lagrangian for the model (6.1) in con-
figuration space can be obtained by using the FP trick
in Lorentz gauge through a transformation of the path
integral:

Leff = L − ∂µC̄aDa
bµCb − 1

2α
(∂µAµ)2. (6.13)

It is easy to check that the action connected with the
sum of the first two terms on the right hand side of (6.13)
in the theory is invariant under the following transforma-
tion at the quantum level [24]:

δAa
µ = Da

σµεσ(x), (6.14a)

δϕ = −iT σϕεσ(x), δϕ+ = iϕ+T σεσ(x), (6.14b)

δCa = iCb(Tσ)a
bεσ(x), (6.14c)

δC̄a = iC̄b(Tσ)a
bεσ(x) (6.14d)

− i
∫

d3y∆0(x, y)∂µ[C̄b(y)(Tσ)a
b∂µεσ(y)].

From the quantum NIs in configuration space (3.12),
one has

−i
δIeff

δϕ(x)
T σϕ(x) + iϕ+(x)T σ δIeff

δϕ+(x)
+ D̃a

σµ

(
δIeff

δAa
µ(x)

)

+ i
δIeff

δCa(x)
(Tσ)a

bCb(x) − iC̄b(x)(Tσ)a
b

δIeff

δC̄a(x)
(6.15)

+
∫

d3yNa
b

[
∂µ

(
∂Leff

∂C̄a
,µ

)
∆0(y, x)

]
=

1
α

D̃a
σµ∂µ(∂νAa

ν),

where

Na
σ = ∂µ[C̄b(Tσ)a

b∂µ],

D̃a
σµ = −δa

σ∂µ + fa
σcA

c
µ. (6.16)

Using the quantum equations of motion, from (6.15)
one obtains the quantum conserved quantity in the
Lorentz gauge

Q′
σ =

∫
d2x

∫
d3yC̄b(Tσ)a

b∂x0

[
∂yν

(
∂Leff

∂C̄a
,yν

)
∆0(y, x)

]
.

(6.17)

Substituting (6.13) into (6.17), one gets

Q′
σ =

∫
d2x

∫
d3yC̄b(x)(Tσ)a

b (∂νDa
eνCe)∂x0∆(y, x).

(6.18)
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7 Conclusions and discussion

In this paper we have studied the transformation prop-
erties under a local and non-local transformation at the
quantum level for a system with a regular/singular higher-
order Lagrangian. The path integrals provide a useful tool,
where the main ingredient is the classical action together
with the measure in the space of field configurations. The
phase-space path integrals are more fundamental than
configuration-space path integrals. In certain integrable
cases, the phase-space path integral can be simplified by
carrying out explicit integration over canonical momenta,
and then the phase-space path integral can be represented
in the form of a path integral only over the field vari-
ables of the expression containing a certain Lagrangian
(or effective Lagrangian) in configuration space. In the
more general case, especially for a system with a singular
higher-order Lagrangian with complicated constraints, it
is very difficult or even impossible to carry out the integra-
tion over the canonical momenta. However, for a gauge-
invariant system one can conveniently use the FP trick to
formulate its path-integral quantization in configuration
space. Based on the phase-space generating functional of
Green function obtained by using the FS path-integral
quantization method for a system with a singular higher-
order Lagrangian, the quantum canonical NIs under the
local and non-local transformation in phase space for a
system with a regular/singular higher-order Lagrangian
are derived, respectively. Based on the configuration-space
generating functional of the Green function obtained by
using the FP trick for a gauge-invariant system with a
higher-order Lagrangian, the quantum NIs under the lo-
cal and non-local transformation in configuration space
for such a system are deduced. For a system with a sin-
gular higher-order Lagrangian one must use an effective
action instead of the classical action in quantum NIs. The
results hold true regardless as to whether the Jacobian of
the transformation is equal to unity or not. It is pointed
out that in certain cases, according to the quantum NIs,
using the quantum equations of motion one can obtain the
quantum conservation laws. This algorithm to deduce the
conservation laws at the quantum level differs from the
quantum first Noether theorem. The applications of the
theory to Yang–Mills fields and non-Abelian CS gauge
fields coupled to a scalar field with higher-order deriva-
tives have been presented, and some quantum conserved
quantities for a local and non-local transformation are ob-
tained.

In the non-Abelian CS theory, the quantum conserved
angular momentum arising from the invariance of a spa-
tial rotation can also be deduced. This conserved angular
momentum at the quantum level differs from the classical
Noether one in that one needs to take into account the
contribution of the angular momentum of ghost fields in
a system with a higher-order non-Abelian CS term cou-
pled to matter fields. Recent work [27] has studied the
occurrence of fractional spin for non-Abelian CS theories

in classical theories. Whether the fractional spin proper-
ties for non-Abelian CS theories are always valid at the
quantum level is a question which needs further study.
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